Abstract This paper investigates the frustration induced phenomena at the commensurate-incommensurate crossing point in one-dimensional massive systems. The massive elementary excitation can be described by a dispersion (k) = an cos(nk), with a set of phenomenological coefficients an, which depend on the frustration. From the dispersion, we find that at the commensurate-incommensurate crossing point, both pitch angle and the correlation length have square root singularities, being functions of funstration intensity. The gap in the incommensurate side also comes to be singular while approaching the crossing point. Anomalous magnetization exponent appears at the singular point of the spin gap.
A system in a massive phase has no free energy singularity in the parametric space. The spectrum topology of low energy excitations plays an important role in low energy physics. We find that the spectrum topology is the key to explaining the commensurate-incommensurate features in low-dimensional quantum systems at low temperatures. We study the singularity of the correlation length and the pitch angle at the commensurate-incommensurate crossing (CIC) point, as well as the anomalous magnetization exponent of spin chains in incommensurate region.
Commensurate-incommensurate features originate from the enhancement of quantum frustration, caused by peculiar geometry and the quantum nature of spins. In typical frustrated spin chains, the zigzag interaction between the spins presents a prototypical quantum frustration, and has been shown responsible for a large number of experiments. [1−8] Significant effects are associated with the CIC that may occur by changing either the applied magnetic field or the frustration parameter. The CIC induced only by applied magnetic field has been intensively studied, and the universal magnetization exponent is 1/2 in M ∝ (B − B c ) 1/2 for a massive phase. [9] However, the CIC induced only by frustration [10] in gaped phases is not well understood yet, partially because of the lack of efficient analytic and numerical methods.
Recently, there are some interesting observations about the connection between the correlation length in asymptotic region and the dispersion topology of the elementary excitation for massive spin systems. [11−14] The Fourier transformation of the inverse of the excitation dispersion is the asymptotic ground state correlation function. In the gaped phase of a spin one half XXZ lattice, the dispersion of the elementary excitation is ∆ 2 + v 2 sin 2 k, with ∆ being the gap and v the velocity. From this expression we know the dispersion of any lattice model has a period of 2π in its momentum k. Therefore, with the general form for the dispersion of massive elementary excitation on one-dimensional frustrated lattice, (k) = a n cos(nk), we can study the incommensurate correlation by the zeroes of the dispersion on the complex plane. [11, 12] The Fourier transformation of the inverse of excitation dispersion is the asymptotic ground state correlation function, as pointed out by researchers in Refs. [12] and [13] . They suggested further study of the CIC features. However, in another paper, [11] the authors assumed that the correlation function is the Fourier transformation of the inverse of certain function, in the form of a n cos(nk), and without any connection with the dispersion. Therefore we go further in this paper to discuss in detail the CIC features in both correlation and dispersion.
We will introduce the dispersion for gapped elementary excitation in a lattice system, and discuss briefly the CIC crossing with the newly discovered dispersion-correlation relation from previous studies in Refs. [11] ∼ [14] . We will study the gap singularity in the incommensurate region, and show that the gap singularity and the anomalous magnetization exponent appear simultaneously in the incommensurate region. We will also show that, at the gap singular point, an anomalous magnetization exponent 1/4 * The project supported by National Natural occurs. Moreover, we can conclude that at the gap singular point, the multiplication of the pitch angle Q with the correlation length ξ is close to one, Q · ξ ≈ 1. The general form of the dispersion for a lattice system is (k) = a n cos(nk). It has a period of 2π in momentum k for lattices with spacing being one. The coefficients for harmonics are usually small for high order terms. We demonstrate in the following the dispersion numerically by the zigzag antiferromagnetic spin 1/2 chains near the Ghosh-Majumdar point. [15] The Hamiltonian of the zigzag chain is a function of the nearest neighbor coupling J 1 and the next nearest neighbor coupling J 2 ,
where S i 's are the s = 1/2 spin operators. The couplings are antiferromagnetic, J 1 ≥ 0, J 2 ≥ 0. In the massive phase [16] (J 2 /J 1 > 0.2411), the Ghosh-Majumdar point J 2 /J 1 = 1/2, which is not critical, separates the commensurate (J 2 /J 1 < 1/2) state from the incommensurate (J 2 /J 1 > 1/2) ground state. [16−18] We calculated the excitation energies for zigzag chains with Hamiltonian (1) by exact diagonalization. Let us parameterize the frustration with 0 ≤ γ ≤ π/2,
The two special points J 2 /J 1 = 0.2411 and 1/2 correspond to γ/π = 0.143 and 0.25, respectively. γ is the intensity of the frustration. The low energy levels of the zigzag chains are calculated by exact diagonalization. There is only one elementary excitation in odd length chains, so the bottom of the continuum reveals the dispersion [12, 19] (k),
where e 0 is the site energy and L is the length of the chain. In even length chains, the elementary excitations are created in pairs. We can find the states with one elementary excitation in odd length chains and a pair of elementary excitations in even length chains. [12, 19] The obtained spectra are plotted in Figs. 1 and 2, respectively. Note that the ground state energy per site, e 0 , in thermodynamic limit is accurately calculated by density matrix renormalization group method. [20] We remove the e 0 L part from the energy levels E(k) and then plot the spectra in excitation energies, i.e. E(k) − e 0 L.
For each total momentum k, we plot in Fig The low energy part of gapped region with γ/π bigger than 0.15 are two particle scattering states. [19,21−23] The bottom of the two particle continuum is the envelop of two particle excitations. Both the envelop and other two particle excitations can be recovered by the dispersion of the excitations and scattering between them.
[24] The magnetization curves close to the critical field can be reproduced by two-particle scattering length for gapped XXZ spin-onehalf chain, [25] spin-one chain, [19] and spin-two chain.
[26]
Fig. 1 Spectrum for odd length periodic zigzag chains with L = 11, 13, . . . , 21. The vertical axis is the energy subtracting e0L, and e0 is the site energy in thermodynamic limit. The horizontal axis is the lattice momentum k. Four legends, i.e. plus sign, times sign, star, and square, stand for the lowest energy levels of four total spins S = 1/2, 3/2, 5/2, and 7/2, respectively. γ/π = 0, 0.15, and 0.25 are plotted in the upper three windows from left to right, and same order for γ/π = 0.30, 0.40, and 0.50 in the lower three windows. π| cos(k)|/2 and π| cos(2k)|/4 lines are plotted for γ/π = 0 and 1, respectively.
The gap in Fig. 1 is big, with γ/π around the CIC point γ D /π = 0.25, and the single elementary excitation energy band can be identified easily. In the massive phase of zigzag chains, however, the chain is dimerized and (−k) = (k), and the lowest harmonic has a frequency of 2. The energy gap is given by the excitation energy at the bottom of the dispersion. If γ is small and close to zero, the bottom of the dispersion always locates at the commensurate momentum point, k = π/2. Increasing γ from zero, we can see that the gap, as a function of γ, is singular at a specific nonzero γ. From this nonzero γ to γ/π = 1/2, the bottom of the dispersion moves away from momentum k = π/2 to k = π/4 and k = 3π/4. In Fig. 1 , we can see that the bottom of the dispersion is k = π/2 at the CIC point with γ D /π = 0.25. Therefore, the specific nonzero γ, at which the gap is singular, is in the incommensurate region with a frustration stronger than that at the CIC point. The general form of the dispersion for a lattice system is (k) = a n cos(nk). We have demonstrated how the dispersion changes with the increase of the frustration intensity γ. The parameters a n in the dispersion (k) = a n cos(nk) can be calculated numerically by fitting to dispersion for finite size systems. The coefficients a n (γ) can be obtained for low order harmonics by finite size scaling. Therefore, a full numerical analysis of the gap singularity, as well as the CIC crossing, is possible. In the following we will discuss the gap singularity in general dispersion form only, and keep a n as variables of frustration.
The elementary excitations, together with the scattering between them, make the full low energy physics. A profound relationship between the asymptotic correlation function and the dispersion of the elementary excitation is given by [11−14] C(l) = dq 2π
For a massive system, the general form of the dispersion for the low-lying elementary excitations can be rewritten as
To the zeroth order, a n = 0 for n = 1, 2, . . ., and (q) = const., thus the correlation function in asymptotic large l is C(l) ∼ δ(l). Fath and Suto [11] have studied the incommensurate behaviors by the Fourier transformation of 1/ n=0 a n cos(nk), but failed to identify the form in the Fourier transformation to be the inverse of the dispersion for massive excitations. We will discuss the CIC crossing again briefly here with emphasis on the properties of the excitation dispersion in order to complete the physics picture brought up in Ref. [14] .
Let us see why the elementary excitation is responsible for the commensurate-incommensurate features.
For the simplest non-trivial case with the lowest harmonic term only,
where a 0 ≥ |a 1 | ≥ 0 and (k) = p(k) > 0. We get from Eq. (4)
Let k 0 be the zero point of p(k) in the complex plane, cos(k 0 ) = −a 0 /a 1 . The solutions are complex, denoted by k 0 = Q ± i/ξ, where Q is the pitch angle and ξ is the correlation length,
The correlation is commensurate for a dispersion with only the lowest harmonic term. The correlation is incommensurate as long as we have an incommensurate pitch angle Q. The CIC point, by definition, is the point where the incommensurate pitch angle Q appears. [17] In the following we analyze the dispersion to the second harmonic term. The CIC point appears due to frustration, while the coefficient of the second order harmonic term reaches certain value above zero.
Rewrite p(k) = a 0 + a 1 cos(k) + a 2 cos(2k) in terms of polynomials of x = cos(k), by redefining the coefficients a n ,
with b 1,2 = (−a 1 ± a 2 1 − 4a 2 a 0 )/2a 2 . There are three different situations.
(i) a 2 1 − 4a 2 a 0 > 0. The asymptotic correlation function at large distance is exp(−l/ξ)/ √ l. The system is commensurate.
(ii) a 2 1 − 4a 2 a 0 = 0. The two zeros k 1 and k 2 are real and identical. The real space correlation function is a pure exponential exp(−l/ξ). The system is commensurate.
(iii) a 2 1 − 4a 2 a 0 < 0. The two zeros k 1 and k 2 are complex, k 1,2 = Q ± i/ξ, and we get an incommensurate pitch angle Q, which depends on the coefficients a i .
Situation (ii) divides the commensurate situation (i) and the incommensurate situation (iii), and is recognized as the CIC point in the massive phase. CIC point is also special in its pure exponential asymptotic correlation. At other frustration strength the asymptotic correlation has a factor 1/ √ l. A pure exponential asymptotic correlation only happens at the CIC point.
The matrix-product-states result in a correlation function in a pure exponential form. [27] We also find from above that only CIC point has a pure exponential asymptotic correlation. As a natural corollary, we can make the conclusion that all the systems with a ground state in matrix-product-wavefunction happens at exactly the CIC point. The matrix-product-wavefunction ground state systems [15, 27] stand on the CIC line in a phase diagram. The coefficients a i are model-dependent, and usually are functions of frustration parameters. Assuming that a smooth function a i (γ) with only one frustration parameter (denoted by γ ) changes among three situations as γ varies. Situation (ii) corresponds to the CIC point located at γ = γ D . We can repeat the singular behavior obtained earlier: [11] on the incommensurate side, the change of the pitch angle Q ∼ const. + √ γ − γ D is singular, and the change of the correlation length is continuous; on the commensurate side, the pitch angle is a fixed commensurate angle, but the correlation length is singular ξ ∼ const. + √ γ D − γ. For the cases with higher order harmonic terms, in the form of polynomials of x = cos(k), we have
with an increasing order of the moduli of b i 's : |b 1 | ≤ |b 2 | ≤ · · · ≤ |b n |. We can find that the leading contribution is from the smallest |b 1 | term, which dominates in the integration of the asymptotic correlation function, as the corresponding factor (x − b 1 ) gives the largest correlation length. The crossovers caused by the degeneracies of the roots from other terms are complicated. As a reasonable approximation, we only keep the first term (x−b 1 ) and the second (x − b 2 ). For higher order p(k)'s, we concentrate on the second order harmonics only. The topology of the dispersion can be very complex, but the dominant part in the asymptotic correlation function comes only from the two leading zeroes on the complex plane. This is also discussed in two-dimensional statistical model. [28] We are now ready to show the gap singularity in the incommensurate region. The numerical energy gap of the system is defined as the bottom of the dispersion. [3, 20] The gap is continuous at the CIC point but interrupted at another point in the incommensurate region. Considering the dispersion with the second harmonic term in polynomials of x = cos(k),
with a 2 1 − 4a 2 a 0 ∼ 0 near the CIC point. Let us consider this case first, the higher the order of the harmonic terms, the smaller the coefficients are, i.e., a 0 |a 1 | |a 2 |. We have |a 1 /2a 2 | > 1 near the CIC point. The bottom of p(k) is always given by k = 0 or k = π, while
2 is the smallest. Therefore, the gap is continuous at CIC point.
When the system moves across CIC point and goes into the incommensurate region, the gap is singular at the point |a 1 /2a 2 | = 1. The bottom of the dispersion (k) = p(k) jumps from k = 0 or π with | cos(k)| = 1 to the point k = 0 at cos(k) = a 1 /2a 2 , if |a 1 /2a 2 | drops below one due to the decreasing a 1 and the increasing a 2 . At the point |a 1 /2a 2 | = 1, we find there is an anomalous critical exponent for the magnetization [29] of a massive spin system. The bottom of the dispersion is
where m is the mass gap and c is a constant. Therefore, the magnetization M due to Zeeman coupling B S 
For points other than |a 1 /2a 2 | = 1, the exponent in M ∼ (B − M ) α is α = 1/2. At the point |a 1 /2a 2 | = 1, the Taylor expansion for dispersion (k) = √ m 2 + ck 4 has zero points at k 0 = m/c exp(i θ) with θ = nπ/4. From Eqs. (4) and (7), we have Q · ξ = 1. If we include the smaller contributions from the higher order terms, the gap singular point will shift away from |a 1 /a 2 | − 1 by a small quantity. Let us take the next order term into account, and put the dispersion into (k) = √ m 2 + ck 4 + δk 6 , with δ being a small number δ m, and we will obtain Q · ξ = 1 − δ/2m 2 ∼ 1, which is close to 1 as well.
This study describes the phenomena in various frustrated gapped quasi-one-dimensional systems like spin ladders. [30, 31] High order harmonics in elementary dispersion are introduced as parameters. For quasi-onedimensional systems, [32, 33] gapped excitations' spectra have high order harmonics in general. More new frustration induced physics responses can be observed.
In summary, we studied phenomenologically the gap singularity close to the commensurate-incommensurate crossing in the one-dimensional frustrated systems. The predicted gap behavior is continuous at the CIC point but singular at another point in the incommensurate region in the vicinity of the CIC point. At the singular point, an anomalous critical exponent appears for the magnetization in the critical external field.
